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Near the singularity, gravity should be modified to an effective theory, in the same
sense as with the Euler-Heisenberg electrodynamics. This effective gravity surmounts to
higher derivative theory, and as is well known, a much more reacher theory concerning the
solution space. On the other hand, as a highly non linear theory, the understanding of this
solution space must go beyond the linearized approach. In this talk we will present some
results previously published by collaborators and myself, concerning solutions for vacuum
spatially homogeneous cases of Bianchi types I and V IIA. These are the anisotropic
generalizations of the cosmological spatially“flat”, and “open” models respectively. The
solutions present isotropisation in a weak sense depending on the initial condition. Also,
depending on the initial condition, singular solutions are obtained.
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1. Introduction
In its primordial stage, quantum interactions dominate the evolution of the Uni-
verse. In an effective approach, gravitation behaves classically while the other fields
are quantized, Ref. 1. It is well known that due to vacuum polarization Ref. 2, in
the presence of a very intense quantized fermion field, electromagnetism is modified
to its non linear version of Heisenberg-Euler.3 In this context, the own dynamics of
the electromagnetic field FµνF
µν is mandatory in order to obtain a finite theory.
In the gravitational case, the counterterms necessary in order to obtain a finite
theory result in the following Lagrangian, Ref. 4,
L = √−g
[
−Λ+R + α
(
RabR
ab − 1
3
R2
)
+ βR2
]
, (1)
where RabR
ab− 13R2 is dynamically equivalent to the square of the Weyl tensor and
α and β are constants. The reason it is called the Schwinger-de-Witt formalism.
It is well known that linearization over a background reveals a spin 0 field with
mass m0 =
√
1/(−6β) with one degree of freedom, a spin 2 massless field with two
degrees of freedom, and a spin 2 ghost field with mass m2 =
√
1/α, see Ref. 5.
The tachyon can be excluded by appropriate choices of α > 0 and β < 0. In the
linearized limit, and absence of sources Tab = 0, the above mentioned 8 degrees of
freedom are entirely free. Classically the ghost field introduces non linear instability.
This higher order theory was previously studied by Starobinsky.6 However, so-
lutions were found previously in Ref. 7 It is of interest for example in the context
of the final stages of evaporation of black holes, inflationary theories, Ref. 8, in the
approach to the singularity Ref. 9 and also in a more theoretical context Ref. 10.
We refer the reader to a paper by Schmidt11 for a review on higher order gravity
theories in connection to cosmology.
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In this talk, only vacuum solutions, Tab = 0, are considered.
2. Quadratic gravity and spatially homogeneous spaces
Metric variations in eq. (1) results in the following equation of motion
Eab ≡ Gab + 1
2
gabΛ−
(
β − 1
3
α
)
H
(1)
ab − αH(2)ab = 0, (2)
where
Gab = Rab − 1
2
gabR,
H
(1)
ab =
1
2
gabR
2 − 2RRab − 2gabR+ 2R;ab,
H
(2)
ab =
1
2
gabR
cdRcd −Rab − 1
2
gabR+R;ab − 2RcdRcbda.
Let us emphasize that every Einstein space satisfying Rab = gabΛ/2 is an exact
solution of (2).
Considering the general line element ds2 = −dt2 + hijωi ⊗ ωj , and the geodesic
time like vector ua = (1, 0, 0, 0), the torsion free connection is the following
Kij = ∇iuj = Γ0ij =
1
2
h˙ij
Kji = h
jkKki = Γ
j
i0 = Γ
j
0i,
Γijk =
1
2
(Cijk − Cjik − Ckij) ,
where [ei, ej ] = −Ckijek are the structure constants, and the ei are the dual to the
left invariant 1− form basis ωk. The Riemann tensor, and the field equations follow
from the above connection.
3. Bianchi I solutions
In this case the structure constants Cijk = 0, which implies that the
3Rijkl ≡ 0. The
left invariant 1− form basis is ω1 = dx, ω2 = dy, ω3 = dz.
The diagonal metric was addressed in Refs. 12–14. While the non diagonal met-
ric was addressed in Refs. 15,16. Depending on the initial condition, the solutions
oscillate toward a de Sitter type solution. In Ref. 15, we have specifically checked
that the frequencies, in a WKB sense are in agreement with the masses of the
linearized fields ωgrav.2 = 0, ω0 =
√
1/(−6β) and ωghost2 =
√
1/α.
We found a de Sitter attractor in Ref. 13 in the sense that many initial conditions
converge to this solution. We also found many initial conditions which converge to
a singularity. In the diagonal case we also explicitly checked that the oscillations
toward the isotropic case have a tensorial and a scalar component Ref. 14. Of
course these components are the linearized fields mentioned in the Introduction.
A decomposition 3 + 1 is given in Ref. 16. The Bianchi I case should deserve more
attention since it occurs whenever the 3− curvature 3Rijkl → 0.
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4. Bianchi V IIA solutions
In this case the non zero structure constants are C212 = C
3
13 = A, C
2
31 = C
3
12 = 1,
and the left invariant 1− form basis is ω1 = dx, ω2 = eAx(cos(x)dy− sin(x)dz) and
ω3 = eAx(sin(x)dy + cos(x)dz).
The non diagonal case was addressed in 17. Also here depending on the initial
conditions, a de Sitter type solution is approached in an oscillatory fashion. Again
we have specifically checked that ωgrav.2 = 0, ω0 =
√
1/(−6β) and ωghost2 =
√
1/α, are
the WKB frequencies. Depending on the initial condition, the solution approaches a
singularity also. The intention is to explicitly check the influence of the 3− curvature
on the dynamics.
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